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Displacements Depending on One, Two, .... , 7c Param- 
eters in a /Space of n Dimensions. 



By N. J. Hatzidakis. 



1. Professor Craig has recently considered (this Journal, vol. XX, No. 
2, April, 1898) the displacements in a space of four dimensions and generalized 
the theory of M. Darboux. In the present short paper I shall examine the 
general case of displacements in a space of n dimensions. 

2. In the ordinary space of three dimensions, the curves and the surfaces 
correspond to the displacements depending on one or two parameters. No rela- 
tions exist between the kinematic elements of the curves ; but for the surfaces 
six relations exist between the ten kinematic elements (the two others, £ and % lt 
are = 0). These relations are the fundamental kinematic equations of the sur- 
faces. This agrees perfectly with the usual analytical theory of the surfaces, 
which gives three fundamental equations between the six elements of Gauss, 
E, F, Gr, D, D',D".* It suffices to remember the relations existing between 
the kinematic and the analytical elements.f 

3. In the general case of a linear space of n dimensions, n — 1 kinds of dis- 
placements are to be considered, viz., those which depend on one, two, . . . . , n — 1 
parameters. To the one-parametric displacements correspond the curves of this 
space ; to the two-parametric, the surfaces ; to the three-parametric, the hypersur- 
faces, or manifoldnesses of three dimensions, etc. ; to the It-parametric displace- 
ments correspond the manifoldnesses (Varietes, Gebilde) of h dimensions. No 

* Darboux, " Surfaces," vol. Ill, pp. 247-8, or Crelle's Journal, vol. LXXXVIII, p. 69 (1880). 
t Darboux, " Surfaces," vol. II, pp. 376 and 379. 
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relations exist for the kinematic elements of the curves in this general space ; 
for all the other manifoldnesses, however, there exist many relations which we 
shall now find. 



4. In the n-dimensional space, let OX x X % . . . . X n be a system of fixed axes 
and ox x x % .... x n a movable system. Suppose both systems orthogonal. 
The n equations 

(each separately) give n (n — l)-dimensional linear spaces, viz., the (n — 1)- 

dimensional coordinate spaces in the moving system. Further, the v ' 

systems of equations 

x x — , x % = ; x x = , cc 3 = ; . . . . ; x x = , x n = ; 
x z = 0, x s = 0; ....; x % = §,x n = 0; 



w n _i = 0, a5„ = 
(each separately), give — ^— — - (n — 2)-dimensional coordinate spaces in the 

moving system. Generally, we find — i z. *i ~^~~^ coordinate spaces 

of the (n — &) th dimension. For h= n — 1 , we have the n axes. But among 
all these kinds of spaces, those of the (n — 2) th dimension correspond, for the 
rotations, to the axes of the three-dimensional space. I shall, consequently, call 
the figure formed by these spaces the moving polyhedron (par excellence). 

5. Let, now, the following be the schema of the cosines of the movable axes 
with the fixed 
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The determinant of these cosines being orthogonal, we have the relations 



i = l 



re n » 

i = l i=l i = l I 

m » \ 



» = 1 



i = l 



2^^ = °./ 



t=i 



(2) 



(2') 



or the equivalent set 

2>i=i> 2«t =i.2°* =!>••••> 2 a » =1 ' N 

2ai«2 = 0> 2 ai0t3= °' ' * " ' » 2 aia " =0 ' 

^%«3 = 0, • •• • > X" 2 "" =0 '[ 

Jo,_ 1 a»=0, j 
where the 2's are extended over all the cosines having the same index. 



6. In the general motion of a system consisting of a rotation and a transla- 
tion, we consider at first the case of the rotation, supposing that the moving axes 
have a fixed origin, namely, that of the OX x X % . . . . X n . We have then 

y m =0^ + PiV* + • •• • +*^ + §r> 

(i = 1, 2, . . . . , n) 



or 



viz., 



" da f JL djL Ji, dv } , dx { 

V* =a i 2 d ^~dt + PiZt x 3~dt + "•' + v *2i x i dt "•" dt' 

3 = 1 j = l 3 = 1 

v x = «i2 a ^ + ^E^-Jr 2 + "" +x *2t ai -w + S' 



(3) 
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the S's extended over all the cosines having the same index. V m denotes the 
components of the absolute velocity of a point x t relative to the moving axes.* 
If we now write for the sake of brevity 

2 da-, k 1 da-, ^ da, . 

2da 2 ^ da % 

a3 ~dJ~ Pi3t Z an w ~ Pin ' > (4) 



2 <&»._! _ 

<*« j± — J/n — lnl J 

equations (3) take the form 

i7 dx-, \ 

"• ~~dt — x *Pn —XsPu— —XnPm, \ 

V ** ~W + XlPl2 —XsPn— — aVftm 

Vx * = ~o¥ +XlPl3 + X *P® ~ x iPsi— —x n p 3n , ^(g 

^W- t = ^f 1 +«lPln-l +*!ftft-l+ +X*-»P—tn-l—XnP»-ln, 

v *» = w + XlPln + x%p%n + + Xn - lPn - la ' J 

7. It is now very easy to find the equations for the cosines. It suffices, of 
course, to consider the points having coordinates relatively to the axes 

OX x X 2 X n :l, 0, 0; 0, 1, 0, ,0, etc., 0, 0, , 0, l.f We 

find so the following n % equations 



* Cf. Appell, " Mecanique," vol. I, pp. 68-3. t Cf . Darboux, " Surfaces," vol. I, p. 4. 
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k 



da 



Oct, v* 



\ 



dt 

da z 
lit 

da 3 
~dT 



= 2 a *^ — 



<*iPi2> 



h = 3 



= 2 aA - p3A__ ^ a rPr3, 



A = 4 



t = 1 






A=i + 1 



T = l 



da n _ 
dt 



»-i 



-2 aT ^»'/ 



T = l 



(6) 



and n — 1 other sets of equations for the other cosines (5, y, . . . . , (i, v. 

The ~ ' quantities p, introduced above, are again, as in the cases of 

the three or the four dimensions, the components of rotation about the n ^ n — '- 

faces of the moving polyhedron which we have considered above. It is very easy 
to show this in a manner quite analogous to that of Mr. Cole * (for the space of 
four dimensions), and we can again express the cosines of these faces in terms of 
the cosines of the axes, but I omit writing the demonstration, as it is not neces- 
sary in the following lines, 

8. Proceeding now in the same manner as M. Darboux and Professor Craig, 
we find immediately that the system of differential equations of the first order, 



i-\ 



-=-i =2 ApiK ~2 A rP«> 
"* A=i+1 T = l 

(*= 1, 2, 3, . . . . , n) 



(7) 



which the n groups of cosines must satisfy, has always one, and only one, solution, 



* This Journal, vol. XII, pp. 191 et seq. (1890). 
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when the initial values of the cosines are given ; if, further, A x , A % , A n \ 

A{, A'^ , A' n are two systems of solutions of (7), the quantities 

n n n 

±Al^A ( Ai, 2^r 



i—1 



i—l 



i=l 



will be constant. We can thus repeat all the reasoning of M. Darboux and show 
that, when the rotations are given functions of the time (t), the motion is 
entirely determined; only the position of the fixed axes OX 1 X % . . . . X n is 
arbitrary ; and, further, that, if we have n — 1 integrals Af\ Af\ . . . . , J4 0) ; 

A?, A§\ , A™; etc. ; Af~ % \ Af~ % \ , A%~ 2 \ the general integral A t will 

be given by the equations 

n n n 

^ A\ = const., ^ Ai Af ] = const., ]jj? A t A^ == const., . . . . , 



i = l 



i = l 



i = l 



2^i^"~ 8) = eonst., 

or by the following equations, which are all linear in A t (method of M. Oosserat 
mentioned by Professor Craig), 

n n n 

2 A t Af> = const., J A t A[» = const, , ]T A, A\ n ~ z) = const., 



i=l 



i=l 






A 


A 


.... A n 


A?) 


A 0) 


. . . A m 


A? 


A* 


A w 



<=1 



= const. 



A<?-*> A%- %) J<»-» 

9. Since the A's are connected by the relation 

n n 

^ A\ = const., or (dividing by a convenient constant) V A\ = 1 , 



i=\ 



«=1 



we can express them in terms of only n — 1 variables; we put for this purpose, 
with Professor Craig, 



A 



2A t 
# + l' 



A 9 = 



2A 2 



A — 

« — 1 



2A M _i 



Jl + l' •■- '-—I" tf + 1' 
/ K ~ 1 \ 

(f= 2 a|), 



A n = 



¥—1 



i = l 
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and we find, after some reductions, the following system containing one equation 
and one variable less than the system (7). 

¥-1 



w =2>*»+- w 



■Pirn 



dA 2 

w 

dA 3 
~~dt 



-1 



— Ai^A T p Tn , 



\ 



: 2 Aa ^ + 



¥— 1 



T=l 

n — 1 



-P* 



A = 3 

n — 1 



— A 8 2 A* p,n — AiPu, 



r = l 
n — 1 



= 2 A *-P** H O— ft" _ A s2 A '^™ ~~ 2 At ^ 3 ' 



-1 



T = l 

n— 1 



n— 4 



%= ! =Sv.. I> » +^ ¥ - 1 jp._ te — A._,2A T p™-2 A ri'™-8, 



(8) 



^ A n-2 _ a „ _i_ 

Jj — iv n— XFn— 2, »-l I 

dt 



2 
#— 1 



= i 

n— 1 



T = l 

n—Z 



Pn-Sn— An-^KP-m— 2 A T i> T „_ 2 , 



T = l 



T=l 

n — 2 



T=l T=l ' 



We can, of course, apply also the substitution of Mr. J. Eiesland,* 

Aj j _ A« ' A„_t .. I 



^ = 



V*»+l 



>1 — 

, -a 2 — 



VF + 1 



4 _ A„_i i _ 

, .... , -£!» — 1 #"?«—.- — T > ^» 



VF + 1 



V# + 1 ' 



(>=2 A 



we find, then, the following system of n — 1 differential equations, equivalent, of 
course, to the system (8), but a little simplified, 



M-l 



n-1 



" L H = 2 A * P™ + Pin + A X 2 A r Prn . 



dt 



\ 



n — 1 



= 1 
n-1 



-g? =2 A A i? 2A + ^ 2n + A 2 2 A T p m — A x p l% , 



T=l 



• • • • • • 



n — 3 



1 j~ % = K-lPn-i, n-1 +Pn -3, » + K-^AtPtu — 2 ArPrn-2, 

T = l T=l 

n— 1 n — 2 

Pn-ln + A„_i2A T Jp T „ — 2 A ^™-1'/ 



(8') 



dt 

dA„-.! 

dt 



T = l 



T = l 



* This Journal, vol. XX, pp. 245 et seq. (1898). 
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Bach of the two systems (8) and (8') (or every other system similarly found), 
constitutes the generalization of the equation of Riccati in the case of «-dimen- 
sional spaces. It will be easy to study these systems in a manner analogous to 
that of Mr. Eiesland (loe. cit.). Perhaps I shall find occasion to recur to this 
subject. 



10. An application of the formulae found above is the case of the motion of 

the principal * ~~ — i-kedron of a curve in the space of n dimensions, n — 1 of 

the p's are, in this case, equal to the n — 1 curvatures of the curve, all the others 
being equal to zero. (See on this subject: Ernesto Cesaro, "Geometria Intrinseca," 
pp. 226 et seq.) 



11. Suppose, now, that the origin of the moving axes is not fixed ; we shall 
then only introduce the components, relative to the moving axes (£,, . .. ., £„), 
of the velocity of this origin, and we find the following n equations 

^ fair. ^-ffl.£ tXP-Vvt 00 



Xf ] being the coordinates of the moving origin in the system OX x X % . . . . X n . 
The integration of this system is again always reduced to quadratures, since the 
coefficients a t , fi it . . . . , v { are supposed known as functions of the time from the 
system (6) and & are given functions of the t. 



12. Instead of the system (7) between the cosines of the axes and the rota- 
tions, we can find another system of *- n ) equations between the direction 

cosines P of the faces of the moving polyhedron and the rotations. But the 
integration of this system can be led back to that of (7) ; and the relations 
which this second system gives between the P's and the £>'s, or between the A's 
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and the p's (for the P's are given expressions of the A's), must be, of course, the 
same as those of the system (7). So I omit writing them. 



13. I shall now consider the case of a two-parametric displacement. Denot- 
ing by p the rotations depending on u alone, and by pi those depending on v alone, 
we obviously have the following equations connecting the p's, the p"s and the 
cosines : 



i — 1 - t-l 



( d * a i =\ V a <?Bk +V *> da * _V a ^H_V v . da r 



A = i + 1 A=i + 1 T=X T=l 

or, by the equations (6), 

A = i + 



A-l «-! 



= ZtPi (% a i Pa — 2"tPa) — > pit (2 a,p Tt —2 a t p fr ) — )(10') 

" n A-l ^ n T-l 

— >1 Ka (2 a, ^ — 2 a« ^ t ' A ) + > p ri (2 a,_^ — 2 a t p' t7 ) , , 

where i = 1, 2, 3, . . . . , n. 

As, now, we have similar equations for the ft y v, we can multiply 

them by a l7 ft , Vi and add, or by a 2 , ft, ..... v z and add, etc., by a n , ft, 

. . . . , v n and add ; we find thus the following n \ n ~ ) fundamental equations of 
the two-parametric displacements, connecting the p's and the p n s 
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ov ou A _ 1 + 1 T=1 

(i = 2, 3, . . . . , w) 

^f " 1ST = 2 (^^ -^K) +^>i3 -PisPlt, 

(i = 4, 6, . . . . , ») 
^ - ^f =2 (i^-i^ax) +2 (pUPm-pM, 

A s= 5 t = 1 



A = i + 1 t = 4 

2 



+ 2^ i -? >TS— i 9 "^). 



T = l 



(*' = 5, 6, w) 



k-i 



^Er 1 ~~ -izr 1 = 2 (p'"+uPkK—Pk+upL) +2 04+i i> rt — Prk+ipik) , 

W _ "^f = 2CP»1^ —Pi^PL) —^(pliPkr —PriPD 



>(") 



A=i+1 t=&+1 

fc— 1 



+ 2^ T '^ T * — i'riKft). 



T=l 



{i = lc+2, h + 3 , w) 



dffw-2, «-l vPw-8, n-l = «' „ . ™ «' 

5 3 }/ — r»- 1, nifn— 2, » /*» — 1, nj/n— 2, » 

«— 3 
+ 2 (K «-l A, »-2— i'r, »-li>r, n-z), 

T = l 

OP»-2, « OPn-% n „/ n i / 

p JyT — Jfn— 1, uj/n— 2, n — 1 ^ Pn — 1, nPn— 2,n — It 

n — S 
+ 2 (P«.P*. »-» —PmP'r, n-z) , 



T=l 
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We have found these equations, equating the coefficients of a x , a 2 , . . . . , a n _ 1( a„ 
on the left and the right hand. The first equation is given by a 1( i= 2, 3, . . . , n 
(i= 1 gives zero), the second by a z , i=- 3 (i= 1 gives again an equation of the 
first line, that with a = «!,*' = 2; i= 2 gives zero), the third equation is given 
by a 2 ,i=4, 5, .... ,n; etc., the equation of the order 2k — 2 is given by 
a h , i = Tc + 1 (i = k gives zero; *= 1, 2, .... , k — 1 gives equations already 
found), the equation of the order 2k — 1 is given by a k , i = k -f- 2, . . . . n, etc. 

We have also, finally, an equation by a n _ 1 , i = n. Thus, together *• ~~ '- fun- 

damental equations. 

The case n = 3 gives the three equations of M. Darboux, and that of n — 4 
the six equations of Professor Craig.* 

14. We can introduce the P's we have mentioned above, but the equations 
found between the P's, the ^>'s and the j»''s are consequences of (10'), and, con- 
sequently, we do not find new relations between the p's and p n s. 

15. Conversely, whenever the p's and p n s satisfy the system (11), there 
exists one, and only one, motion having these quantities as rotations. The 
reasoning is entirely analogous to that of M. Darboux. 

16. The integration of the two systems of differential equations for the 
cosines formed like (6) will be, of course, led back, in this case, to the integra- 
tion of a simultaneous system of two sets of equations formed like (8) or (8') 
and containing two equations and two variables less. 

17. Let, now, the moving system have no fixed point; we find in this case 

•Remark that I have put p 13 equal to the — p ls of M. Darboux and Professor Craig, and also 
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and dXr_$ pl dZP_Y Bfl 3Xf_y , 

1 = 1 1 = 1 1 = 1 

denoting by £< the components of the velocity of the origin, relative to the 
moving axes, when u only varies, and by'£/ those depending on v alone. 

We find so again the following n equations connecting the rotations^?, p' 
and the translations £, £', 

^ - t# =2 (&'*•- «*) -Z (#j*- &*). (12) 

OV OM i = l i=k + l 

(k= 1, 2, 3, , n). 

18. We have also the n (rc — ' equations (11); thus: For the general two- 

2 

parametric displacements there exist ,7" fundamental equations, viz., ± 

between the rotations only, and n between rotations and translations. 

19. Conversely, whenever the £'s and the jo's satisfy the two sets of funda- 
mental equations (11) and (12), there exists a two-parametric displacement, and 
only one, with the rotations p and the translations £ . The reasoning is the 
same as that of M. Darboux, "Surf.," I., p. 67. 



20. Let us now consider the ^-parametric displacements. It is obvious that 
we shall have *>{«>— 1) se ts of fundamental equations formed like (11), for we 

It 

can combine the h variables u lt u % , , u k , upon which the moving system 

depends, in ">{/<>— 1) wayg twQ ftt ft time _ j n t ^ e game waV) we shall find, 

between rotations and translations, ^ ~ - sets formed like (12). Thus: 

The general Je-parametric displacement has K ' ; fundamental 

equations. 

Letting p a) be the rotations depending on % alone, etc ; p (k) those depending 

22 
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on u k alone, we shall have the same set (11) at first with p m ,p m (instead of 
p, pi), then with p a) , p (Z) , etc. And analogously for the equations (12). I omit 
writing all these equations, because they would occupy several pages. 

21. These equations give, of course, all the relations existing between the 
p's (or the ^>'s and £'s), for those found between them's and P's (or them's, P's 
and £'s) do not give new relations. 

22. The projections, relatively to the moving axes, of the absolute velocity 
of a point M are 

k k k k \ 

dx i j. V a© du ' — ~ V «(« dUi — x V »«> du< — — t V w» dUi \ 

t = l t = l i=\ < = 1 

k k k fc 

dx z . V £«) d^ . y «<«> — * — XoY » (i) ^L — —a- V »«> ^ M< 

W+2-* 2 ^- + ^2-^ ^ ^a^ 23 ^ ••• x »Z,P*»df' )(13) 

fc fc fe fc 

^» + y ««> *<xj.v «<*) ^ + ~ y «» *f* 4. 4 ^ y »» du * 
dt +2, «» ^ + ^2j^» ^ + Xa 2^ 2 » <ft + • ' • • + ^-i2i^-i» ^- 

where the u lt .... , % are supposed arbitrary functions of another variable t (the 
time for example). 



23. Let us now consider the manifoldnesses of k dimensions of the space of 

n dimensions. Each of them has (. ~ )n(n+ ) f un( j amenta } kinematic 

4 

equations between the rotations and translations of a system of axes Mx^ .... x n 

having as origin a point M of the manifoldness. The variables u x u k 

must be, of course, all independent. We consider, further, the polyhedron 

Mx 1 x 2 , .... , x n in the following special position : The first k axes x lt x 2 , x k 

lie in the tangent linear manifoldness of k dimensions (of the given manifold- 
ness), and the other n — k axes x k+l , . . . . , x n lie in the normal linear (n — k)- 
dimensional manifoldness. It will then be 

(q — k-j-l, k 4- 2, .,♦ , , n) 
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and the element of a curve lying on the ^-dimensional manifoldness will be 
given by 

<fo» = (£<» dtti + £f > du, + + £f > dv^f 

+ (W du, + £<?> du, + ....+ fi> du k f 

+ ....+ (&» c?% + a !, 'd«, + ..••+&*> ^) 2 . 

The fundamental kinematic equations of the manifoldness become then a little 
shorter, but I omit writing them. 
We can now put 



<r = k 



2e l)a =^ U) 2& 2)s =Sm, 2^ = *^ 



"ftfc> 



o=l 

<r = fc 



<r = l 



<r = l 



tr= 1 <r = l <r =1 



<r = l 



<r=l 



<r=l 



r=,fc 



2*w = *i.*i 



<r=i 



/ 



then 

<fe* = ^ 1 d«! + + i^rfttft+ 227 T 12 dtt 1 <fe.5 + + 2F ik du 1 du k + 

-j- 2JF 23 ^w a i« s + + 2F ik du 2 du k + + %F k _ lt k du k _! du k , (15) 



with the discriminant 



A 2 = 



F u F n 

Fu E 2St 



F 1S 

F 9S 






l* 



3ft 



■^lft-1 -^2ft — 1 -^3ft-l •••• -Sft-1 ft— 1 -Tfc-lft 
■^lfc -^2* -^3* '•'• J} h— lfc -^ft* 



0° & 



(1) 



(1) 

ft 

a- 



(2) 



£(2) £(2) 

&*> if ■■■■ a fc) 



(14) 
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24. When the E's and F's are given (from the analytical equations of the 
manifoldness),* equations (14) serve to determine the £'s as far as it is possible. 
For the complete determination of the £'s, it is, of course, necessary to deter- 
mine the position of the axes x lt . . . . , x k in the tangent manifoldness, viz., to 

fcffc i) . k(k4-l) 

give v — '- further relations between the £'s, which, with the v ^f- ' rela- 

tions (14), will entirely determine the ¥ £'s. We now shall find the cosines 
and the rotations in terms of the U's, F's as far as it is possible. 

25. We find the cosines by M. Darboux's method. 
First we have 



dx» 






cr = l 



a = l 



fan \ 

diii ' 

. dx n 



dx x 



dx» 



7Ti ou k 7=\ ou * f=i au k 



dx, 
du h 'J 



(16) 



nk linear equations in the nk first cosines a lt .... , a k ; @i, ■ ■ 
v lt . . ■ ■ , v k . We find thus, A being the determinant of the £'s, 



«! = 



ft = 



*! = 



cra T 


• • & T) 


A 


• • & t) 


A 


OX n g (T ) w T) 


• w 



A 



a 2 : 



, ft= 




T>» = 



£ (t) O^n C 



:m 



(t = 1, 2, .... , A; in the determinants). 



?i T) 



, p k ; etc., 



\ 



•7 



(17) 
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26. There remain now the other n(n — k) cosines ; these are connected with 
themselves and with the former found nk cosines by '*• "*" relations 

I <y} . tf\\Vi i ft* i i "J | 

of the form of (2'), consequently^ ^— — — } - of these cosines remain 

indeterminate. And, indeed, in this general case, the position of the poly- 
hedron of the manifoldness is not yet entirely determined. Assuming the 
£'s to be all given, we only fix the position of the k axes lying in the 
tangent linear manifoldness, but the other n — k axes lying in the normal 
linear manifoldness are not yet entirely determined. Only in the case of 
k = n — 1, viz., of the manifoldness of the highest order, is the normal mani- 
foldness a straight line and the cosines a n , /?„, .... , v n are entirely determined. 
In the general case of a ^-dimensional manifoldness, the simplest manner to 
determine the axes in the normal manifoldness is the following : There exists a 
linear (n — l)-dimensional osculating manifoldness (or space) of the given mani- 
foldness (very easy to show), and in this (n — l)-dimensional space there exists 
again a linear (n — 2)-dimensional osculating space of the given manifoldness, 
etc., there exists, finally, a linear ^-dimensional osculating manifoldness of the 
given manifoldness, the tangent manifoldness, lying in all the other osculating 
spaces of higher dimension. We now assume the axis x n to be the normal to the 
osculating (n — l) -dimensional space; in this space, the axis x n _i to be the 
normal to the osculating (n — 2)-dimensional space, etc. ; finally, the axis x h + 1 
to be normal in the osculating (7c + l)-dimensional space to the ^-dimensional 
osculating space.* 

27. Assuming all the cosines to be so determined, we find the rotations in 
the following manner : 

We have 

2«*+i^^=«*+i2fi 1) *»- + ft + i2^ c,) ^+ •••• +"* + i2& 1) &v. 



dui 



<r = l <r — 1 <r = l 



* An example for h <w — 1 is that of the curves in the ordinary space of three dimensions ; the 
normal manifoldness is here the normal plane; and the cosines are entirely determined when we 
assume the axes y and z to be the principal normal and the binormal of the curve. This second straight 
line is the normal to the osculating plane, the first is the normal to the tangent, in this plane. A 
further example is the surface in the 4-dimensional space, etc. For fc = m — 1, an example constitutes 
the surface in the 3-dimensional space, the hypersurface in the 4-dimensional space, etc. 
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or 






viz. : 



2>+i<*!^ = £ 1)n i*+i+ •••• +& 1) n fci+1) 



a, 3! 

where 



dux 



ni fc+ i =JP?i + i^Mi+^+i*fi+ +pi\+idih, etc. 



Further, 



2 «*+!<*?? = & 2 > n lfc+1 + #> n 2fc+1 + 



a. an ° 



£i 3) n lfc+1 + £f n 2 * +1 + 



•• +E 2) n fcii+1) 

_1_ CIS) TT 

" T?l 1A fc ft + l! 



^a k+1 d^ = ^n lk+1 + ^u ik+1 + .... + &*>n fcs+l! 



and, consequently, 



Hik + i ^- 



E^+^sr^ •••• Si 



a. IE K 



ff» 



(A being the determinant of the £ 's), etc., 



\ 



Ilj; fc + ] 



C(1)C(D CO) V „ ^^i 



£i w & w •••• &*2i2> + i^ 



y 



(18) 
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To find the p?\ +1 , P?Ui , pfl + i ; • • • • , m + i,P&+i, • ■ ■ • . #Wi> it 

is further only necessary to equate the coefficients of du^, du 2 , . . . . , ^% on the 
left-hand and the right-hand side. We have thus expressed these p's in terms 
of the £'s, the second derivatives of the cc's and the a k+1 , . . . . , v k+i only (their 
forms (4) contain also the a x a k , etc., v 1( . . . . , v k ). 

We find in a quite analogous manner the 

*^l k + 2> • • • • > Hfc fc + 2> 

lli n , . . . . , Hj. n , 

and, consequently, also the pFl+n . 2»ft+» 5 2>ft+»i 2»ft + «i etc - 

Am > • • • ■ , A +. , etc., etc. p& , . . . . , ;pg» , etc., A . .... , p& . All 
these p's we can find also in another way; it suffices to introduce in their 

expressions A+i = ^ i a k+1 J~ , etc., the values of ~, etc., from (17); the 

expressions so found, are, indeed, the same as those found from (18), etc., after 
some reductions. 



28. Further, 

m ^* da, k+ i «) _^ri d(x k +i \ 

Ph + lk+t £_, a k + 2 2 U ' Pk + lk + S Zj a fc + 3 2 ' ^ 

n «) _\? 3a k+1 „, _Y 3«t+i 

Pfc + 1 fc + 4 ^| fc + 4 9^. '••••' Pk + ln 2a n d u ' 

(i) ^< Oa k + 2 ( j) ^-i 3a j + 2 

.Pfc + afc + 3 _£, a fc + 3 g M ) i'fc + Sft + i — 2Ld ak + * 7) u . 

„(« _v « 8a fe+g 7 ( 19 ) 



Pn-ln-ZtVn ^ / 

(» = 1, 2 &). It is impossible to express these rotations by the £'s, etc. 
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29. To find the last rotations, we use the formulae 



ft 



+ + 

= p% w w- mn +i>iv («•" #> - ^ &) +•••• + 

at ai at a) 

_i_ OT (i) p £W c(8) tan j_ t(2) ggj _l _|_ t(2)f^ii_ 

T Pfc—lft VSfc Sfc-1 — Sfc-1 5fc J T Si g T • • • • T 5ft g^ 

Forming, further, the similar expressions for 

2dx^ d /dx{\ >n dxi d_ /dx{\ 

du s du x \du x ) ' ' ' ' ' Z-i d U]c d Ul \duxJ ' 

2dx! d_ fdx x \ V 1 dx± d_ (<hh\ 

du s du x \duzJ ' '"'''a 3«ft 3«i \3«g/ ' 



2dxi d / 3a?! \ 



we have ^ — ^ linear equations for the ^ — '- rotations p$, . . . . , p^, . . . . , 

2 2 

2#-u- And, putting in the expressions written above -—,...., ^— , instead 

of ~— , we get the other rotations p$, . . . . , pf k \ . . . . , ptfLw, etc., etc., ^i?, • • • • , 
i>ifti , i>i-ifc. Thus for example : 
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1_ 






dx 1 d^xi 

dx x 9^i 
du 3 du\ 



W W 

£(3,£((1, 



ww 
ww 



t(2)t(l) 
Zu Sfc— 1 

£(% £<D 

£,k Zk — 1 



£ (2) £ (1) 
Zk — lZk 



£,k — l£,k 



Sdxi d^Xi 
dx x d' 



2 

X 

2 



x 



du 3 du z dui 
dxx d z x 



WW 

t(3)t<2) 

WW 



WW 



£(S) E(S) 



(4) £ (3) 



-£ 4) £ 



C (fc) C (1) 

Sit «— i 

t(3) S(2) 

?fc Sfc— i 

Sfc Sft — 1 



EW tU) 

5fc-iSfc 

£(3) g(») 



(4) t (2) 



t(4) t 

5fc— 1£ 



7*i 



(*) t (2) 



3% 8% 3% 



^ 



(«» 



*i W £: 



£ (k) f (2) £ (ft) £ (2) 



*£C 



3*1 

3% du lc _ 1 du 1 



WW' 1 '- ww- 1 * ■■■■ WW-? - ^i^- B 



+ an expression of only the £'s. (£1 being the determinant of the system.) 
And after some reductions we get 



p8? = 



2X1 



i ^4 + V £«> Mi 



5 3m. 

? 3«, 



WW' — WW' 



7=1 

ft 



-i 



,34 + 2 goi ^ 

i) i_ 



3^ u 



cr = l 



+2# 



3«! 

3^ 



r=l 



^34^34 + 5^ 

5 \ 3% 3w 3 3«a ' 

, /34 34 dF u \ 
5 \ du x dui du z J 

• • ■••• • 

/agu 34 . 34\ 

5 \ dui 3% 3« 3 / 



-2* 



(3) 



cr = l 
k 



dW 
3«i 






JL at («) 

V tw °£°- 

A 9«i 



, /3^_u 94-i , .34 ^ _V £<*» %-l 



$ f • • * • • 



(20) 



23 
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the p<$ (and, consequently, also the p%, . . . . , p^Li k ) can be expressed by only 
the £'s and the i?'s and F's, analogously to the rotations, in the case of the 
surfaces of the 3-dimensional space. And all the other rotations p$, .... , 
Pile* ■ ■ ■ ■ , 1?*- wean also be expressed by the same quantities. Thus, for example, 



IT 



x dE, 



'22 



i fdF w 



i (dF* 



i (dF* 

idF& 
du 3 

i dF i2 
* 3^7 



-2 ^ 



dt 



a) 



du 9 



dFu^dFn 
du<, ' du« 



3F_2 + dF u 



nu 



) -2 « : 
) 



2£(4> M. 

or -.- \ & 



CT = 1 

k 



(1) 



W £i (1) 


-^i 11 


SW 


-ft"*.™ 


SW 


- ^ (4) fiP 



dF, , a^, 



3% 



+ 



72/. 







(1) 



3m 2 



^a, _^)^> 



+2^ 2) 



2) °%a 



(3) 



3w» 



(3) C (2) 



{«■' 



<r = l 



3«o 



^ 



(2) 



£<3)£(2) 



■^Is" 



8Jsr 2 



22 



3% 



1 ^34 



+2e 

<r = l 

dF„ 



(2) 



a*. 



w 



3«2 
dF u 



1u 9 



3w 4 3« 3 



) 



■2£ 



(4) 



_3ff 

3wa 



£,*)£<*) _£f>£p> 



£(4) £(3) _£<«£<3> 



i ( dF k ~ik _ dF 2 k _ 1 , 3i^ fc \ >h g {&) 

* V 3« 3 3% ^ 3w*V ff fi Ka 



di 



(fc-1) 



£(*)£(*-!) _ £(*> C(fc-1) 



etc., etc. 



30. If the parametric lines : 



«j = const., '« 2 = const., . . . . , u k _ 1 = const. ; m x = const., % = const., . . . . , u k _ z 
= const., Mj. = const. ; ; m 2 = const., .... , u k = const. ; 



are the fo'nes o/ curvature of the given manifoldness and the axes » fc , . . . . , x x 
coincide with their tangents, the formula? become a little shorter ; but I shall 
omit this point and examine the case of k= n — 1, viz., the case of the mani- 
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foldnesses, which, in our general space, correspond exactly to the surfaces of the 
space of three dimensions. 



31. Now 



»-i 



2*- Wo * 



r = l 

n — 1 



diii 



»-i 



»-i 



Ew- 



o-=l 

Jl-1 



3% V*P(w* — 9a5 » ^ 



3«! 

3jc. 



<r = l 



3% 



\(22) 



,=1 3w re _! £[ au n _ x f± x 3m„_! / 



from these equations we have at once 

" x l fW fW £<t) 

g— ?2 $3 • • • • S»-l 



(*! = 



i> 



, a„_j — 



(t) K(t) 



sr I. 



K.r) V X 1 



D 



v x = 



V X n fir) CM £(t) 

3^ Ss Ss • • • • 6.-1 



Z> 



> v„-i : 



Si £2 • • • • Sm— 2 ■g~ 



(23) 



D 



V 



.D being the determinant of the system. 



32. The other n cosines a n , /?„, . . • • , r„ are given by a well-known prop- 
erty of the orthogonal determinants under the textf namely: 

ft • • • • fl.-i 

(-1)— 1 , ....,*„= ± 



a ra = ± 



^1 v n _! 



«i 



a 



re — 1 



Pi 



• |Wre — 1 



each element equals its algebraical complement multiplied by ± 1 (the determi- 
nant). It is thus (if we suppose the determinant, = + 1 , which is always 
possible) : 



a. 



(-1) 



,n — l 



D 



,n — 1 



3V 3 "•"• fen " 1 

U X 3 CW 
O — S2 

3m t 



(t) 



<5ri — 1 



£(t) Q^2 £ 

Si ^7 Si 

CM 3x 3 k( T ) 
* x 3^ 4s 



cm 

• • • Sre — 1 

• • • Sn-1 



C( T , 



CM 3^2 

* r - 2 3¥ T 

C(r) 3» 3 

*"- 2 3*1 



^ a n-i e (t> c (t) 

-g^-S 2 ••■• Sn-1 



S7 



(t) VZn— 1 £ (t) 



ICO. 



3^ t2 



cw 

Sn — 1 






CM 
Sre — 1 

£W 
Sm-1 



cm cm 3a;„_ x 

<5l • • • • ? n — 2 ~^S 

c (t) c (t) 3x re 

SI • • • • 5 M _2 -5 — 

cm,. 



f See, for example, Pascal's I Determinants, p. 205. 
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but this compound determinant is only equal to the product 



dui 



dx n 



dx<> 



dx n 



du n _ 1 du n -i 



.D' 



in — 2 * 



Consequently, 

__ 1 d[x 2 , x 3 , .... , x n ) , iy~ 1 /-? :zz - — '■ a ' 1 ' X3t ' ' ' ' ' Xrm ' ( l) n— 2 

D d(u lt u 2 , , u n _ x ) K ' ' Pn ~ D d(u lt Mg, , u n _ x ) 

1 d\X\, x%, ■ ■ ■ • , x„_i) (24) 

' Vn ~'lT d(u u Uz, , M re _ x ) ' 

33. It remains to find the rotations in terms of the £'s, E's and F's. 
We get for this purpose from (22), 



du x 



fr=l 



ff = l 



<r = l 



<T = 1 



+ •■•■+ *. [2V*v + 5>- < *k cu ] • 



o-=i 



*This theorem, not yet observed, I think, can be easily shown. Taking the determinants A 
and B and r, 



A = 






a u 


. . . «i« 


> 


B = 






• • • a »» 

an ... . 




ft. 


a„ 2 . . . . 


^nn 



ft. — ft, 

ftl • • • ■ ft* 

a ll . • . . a l n — 1 /*11 

. i .. 

a»i . . . • o.«-i fta 



ft* on ... . ai« 



ft» a„j . . . . a, 
the determinant r can be written 

r = 



"In— 1 ^ln 



ftl ft, 

ft, ... • ft. 



«»1 • • • 

A u .... A lB 
A Ml .... A^ 



tt » « — 1 ft* 



A ik being the algebraical complements of the a«,'s (in the determinant A) ; and by a well-known theorem 
we have consequently (Pascal, p. 43) 



r=B. A" 



Q. B. D. 
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or 



(- I)"" 1 



D 



n — 1 



dx 1 
dxi 



re — 1 



out 2 



, a^ 2 dUi 
dx^ 

dx % 
3w 2 



dx x 



dx % 



re — 1 



3 s 



^M 



^ 3% du t 

fan 
3« x 

3a„ 
3a^ 



d^ 



dx n 



3«„_, 3w re _! 

= ^i (1) n lre + ^»n 2B + .... + &» 1 n B _ lre , 



where TI lre = _£>$ dwj + + ^ft -1 * <?«„_!, etc. 

Also 



(- l)- 1 
D 



»— 1 .-jo n— 1 ~, 

^ 3«2 3w 4 £-j 3% 3« 4 



3a?! 
3w a 



3^! 



3a; ra 

3«! 



3iTn 



3« re _ 1 3« n -l 

= £i (2) n lre + £f>n 3re +.... + & 2 L 1 n„. 



and other n — 3 equations with du 3 , £ (3) ; 3m 4 , £ 
Solving them, we get 



W). 



_ (- iy-i 



n 



n— In ' 



Z) 2 



A 


£ 2 (1) 


• • • • Sn-1 


A 


& 2) 


• • • • Sn — 1 


A-i 


pm- 


-1) Cta-U 

• • • • S»— l 


#> 




?n-2 -^1 


g« 




e(2) 77 


^-D 




C(»-D "77 
Sn — 2 -^n — 1 



3%-x, £<— ». 
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and, consequently, 



Two, . 



where 



1« 



_ (~ l)- 1 



D 2 



Ai 



D. 



ai 






. £ (1) , 

• • • • SB- 1 

• • • • i^n—l 



A_ 



n — 11 



£ 



(»-l) 



(n-1) 



n(n — 1) 



_ (~ 1) 



n — 1 



D 2 



• • • • c,n — 1 

• • • • %»- 1 
■VVn-l %% • • • • ?n — 1 



T) £W 



-^n— In— 1 <=2 • • • - £» — 1 



» (1) , 
Pn — In 



./'n — In 



(-1) 



»-i 



IT 2 



a 



(i) 



^-U Ai 



D 2 



w -»....?:-? A-ii 

£<» ....£«, An-! 

fl-» .... ^-l" A-m-i 



D a = 



'He 



8 2 a; 1 

dx x 
3w : 



9 2 ic M 
8«i du k 

dx n 



dx 1 
3w»-i 



dx n 



« • j fC 



\ 



;•■••> 



(25) 



34. Further, 



SNr=fs"°' (2& l) ^+2<*.<e ) ) + ■■■■ + 

oj # i tr = l cr=l <r — J- 



+2 & v ° (S *" dv ° + S v - ^ x> ) ' 



cr = l 
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or 



= « 2 > d£« 4- «»«2PP) 4- .... 4- £<*> , d£P , 4- 



= #><&« + £(2)^(1) + ....+ g» jdf « x + 

+ £f (- £ 2 (1) n u - #» n 13 -....- ^ii n x „_,) + 
+ & 3> (+ & 11 n 12 - &?> n„ — . . . . — £» , n 2 „_,) + 

+ + 

+ & 2 ii(£i (1) n ln _ 1 + & 1 >n 2n _ 1 + .... + ^i 2 n„_ SB _ 1 ) 

= 2 fi» #» + n 12 (#>a» - £*> &«) + 



+ n 13 (*# *# - ff» €?>)+....+ rii ._, (fiE* ^ - £i 2) *.» + 
+ n 23 (& 31 & (1) - £f m +■•■•+ n 2n _ a (ei^ 2 (1) - & 2) £?!,) + 

J- + 

-f lire — a re — 1 VSn — 1 ?re— 2 S» — 2 5n — !)• 



Forming, further, the analogous expressions 

^i 3a;! -, dxi tti dxi ■, dx 1 

^du s 3^ ' '4" d«h-i 9«i ' 



4^ 3m„_i 3m b -2 ' 



and solving these * ^ '- equations, we find the rotations p% . . . . , 

Vtl-x ; Pfjg » Pii-i ; etc -> pf-zn-i (taking the coefficients of du lt du z , , 

du n _ x on the left-hand and the right-hand side): 
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rf=-ff 



3E U 



*S+2« 



Ed) 3|f 

..1 a«, 



3mj 
3«, 



3m, 



WO 









„<n-l) — 

Pu — 



12 






3m, 



»(S-S + S)-5e**" 



3m, 






1 ^ 3-ffi-2»-l Q^\n-2 i 3-^1 »- A V 1 C(n-l) ^»° " e(»-l) £<»-2) £<»-« £(n-S) 

H 3«, -3^it + -3m— 7; i*' sir a €l & * 3 



etc., etc., etc. 



1 / 3^ n-i 1 a^ia _ 9Ji»-A v e« 
H 3m, + 3u»_, S^T) £*' 



A 3% ^3m„_, 3% ; ,4, 9«-i 



a* a* -ir& i; 



i 



3^,_i „_, 



3m, 



-2« 



-1, ag. m 



K 



■aJi-io. a'» a-fi-A V'ew ag» 



-* + 



3mj du„_ 1 3mj 



-0 -2 « 



* 3^! A ? " 3m. 



3m„_, 



,a^_,.-i_ve,.-i, ae- 

* a„ . " Zj *' 3... 



a«»- s 



a««-i 

etc., etc., etc. 

35. Let us finally consider the case, where the parametric lines 

u, = const, v^ = const., ..... m„_ 2 = const. ; w, = const., m„_ 8 = const., 

M n _, = const. ; i "s == const., . . . . , it„_, = const. 



(26) 
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are the lines of curvature and the axes x n _ 1) .... , x l coincide with their tan- 
gents. Then 

= £\n — \ — 



FlZ = -^13 



= F& — 



D 12 = D 13 = 



and 



8" = w 

— £(2) — £(2) 



— -Ml — 2 »j — 1 —■ : 0, 
— £ (1) — 

• • • • — S»— i — 

• • • • — Sn— 1 — 






s« — 1 — ' -"»— In — 1- 

36. We get, further, from (25), 



„(1) _ „(3) _ 

jP2n — jP2k 

„(1) — ~(2) — „(4) — 

JP3re — JfSn PSn — 



=i>r»- i) =o' 



Jfn — In JSn — ln I'n — ln — .... _fn — ln — u > / 

(n — 2)(n — 1) of the first set of rotations are equal zero. 

37. The other rotations of this set are given by the formulse (25), 

(1) _ T) £(2) £(3) £(»-!) ( ]T — /) 1 ( *)" 



.(2) _ n £(1)£(3. C(n) 

hn — J- / 22 Si ?3 Sn — l 



i) 2 

(-1)- 1 - 
Z) 2 






^n — In J^n — l n — \ Si ?2 • • ' • Sn — 



re — 2) L_iZ__ 



(27) 



(28) 



(28') 



(29) 



\ 



(30) 



24 



D* 
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38. Finally from (26), 

„« - _ _L ML - -i a^ 









,«> __ i % w _ -i a^« 



Pfl 



„« = i afl»> _ -i ajg. 



i^ =o, 
A -1=0. 



(31) 



; 



JPre-Zn— 1 — "• 

„» - 4. _L iff _ +1 §^8 \ 

i»u - I" £» 9wi WE~E n dux ' N 



£, w 3«3 WE n E 33 ' du 3 ' 

J_ ML = - 1 dE ** ) (32) 



y 



«• - + l 9gf- +1 3^33 

^ 13 ^ £F d Ul ~ 2^E^Eg dtn ' 

pfi = 0, 



Pfi-i =0, 
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the p's, which are not zero, are those which have two equal indices.* 



♦In the paper of Prof. Craig is an erratum : In the formula (66), (p. 155) the multipliers of the 
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•39. It is now obvious that we may study the lines, the surfaces, etc., on the 
manifoldness of the n — 1 dimensions (or that of Jc generally) in the same 
manner as M. Darboux does. 

Gottingen (Germany), July, 1899. 

brackets must be ?"??' and not f"f , f, and, consequently, the formulas of the page 156 must be 
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